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CN \ §1. Introduction 

It is well known that the notion of Lie bialgebras was originally introduced by Drinfeld 
in 1983 (cf. P_j) during the search for the solutions of the Yang-Baxter quantum equation. 
During the resent rears, there have appeared several papers on Lie bialgebras (e.g., [5] and 
[9] [H_] ) • Witt and Virasoro type Lie bialgebras were introduced in [15], of which type Lie 
bialgebras were further classified in [12], while the generalized case was considered in [14J. 
Lie bialgebra structure on generalized Virasoro-like and Block Lie algebras were investigated 
^ . in [16] and [5] respectively. 

In this paper we shall investigate Lie bialgebra structures on the W algebra W(2, 2) 
introduced in [17], denoted by W here, which have been quantized in [6] by the authors using 
_J \ the method introduced in [3] and generalized in [3] . This algebra is an infinite-dimensional Lie 
^ , algebra with a C-basis { L n , W n , c \ n G Z } and the following Lie brackets ( other components 
O • vanishing): 



< 



,3 



^ . ni" — in 



[L m , L n ] — (m — n)L m+n H — — 5 m +n,o c > (1-1, 



m 3 — m 



[L m , W n ) = (m - n)W m+n H — — 5 m+nfi c. (1.2) 

The verma modules on W were investigated in [T7_j. Later all irreducible weight modules 
with finite dimensional weight spaces and all indecomposable modules with less than one 
dimensional weight space on W were classified in [S]. Meanwhile, irreducible weight modules 
possessing at least one nontrivial finite-dimensional weight space were also classified in [7_J. 

Let us recall the definitions related to Lie bialgebras. For convenience, we introduce 
them being assort to the notation C. Let C be any vector space over the complex field C 
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of characteristic zero. Denote by £ the cyclic map of £ <8> £ <8> £ cyclically permuting the 
coordinates, namely £(xi ® x 2 ® x 3 ) = x 2 ® x 3 <8> x\ for xi,x 2 ,x 3 G £, and by r the twzst 
map of £ <g> £, i.e., r(x (g> y) = y (g) x for x, y G £. 

First one need to reformulate the definitions of a Lie algebra and Lie coalgebra as follows. 
A Lie algebra is a pair (£, 5) of a vector space £ and a linear map 5 : £ <g>£ — > £ (the bracket 
of £) satisfying the conditions: 

Ker(l - r) C Ker5, (1.3) 
5 ■ (1 ® 5) ■ (1 + £ + £ 2 ) = : £ ® £ ® £ -> £, (1.4) 

A L«e coalgebra is a pair (£, A) of a vector space £ and a linear map A : £ — ► £ <g> £ (the 
cobracket of £) satisfying the conditions: 

ImAcIm(l-r), (1.5) 
(1 + £ + £ 2 ) ■ (1 <g> A) ■ A = : £ -v £ ® £ ® £, (1.6) 

For a Lie algebra £, we always use [x,y] = S(x,y) to denote its Lie bracket and use the 
symbol "•" to stand for the diagonal adjoint action 

X ■ (J2 a i ® b i) = Yl(l X , a i\ ® & i + ® [^A]) for X, Oj, 6j G £. (1.7) 

i i 

Definition 1.1. A Lie bialgebra is a triple (£,5, A) satisfying the conditions: 

(£, 5) is a Lie algebra, (£, A) is a Lie coalgebra, (1.8) 
A5(x, y) = x ■ Ay — y ■ Ax for x, y G £ (compatibility condition). (1.9) 

Denote by W the universal enveloping algebra of £ and by 1 the identity element of U. 
For any r = ^\ eij ® bi G £ ® £, define r u , c(r), z,j = 1, 2, 3 to be elements of U ® U ®U by 
(where the bracket in fll.lOp is the commutator): 

r U = J2 a i ® 6i ® 1, r 13 = £>i ® 1 ® 6<, r 23 = £l ® a; ® 6 is 

i i i 

c(r) = [r 12 ,r 13 ] + [ r 12 ,r 23 ] + [r 13 ,r 23 ]. (1.10) 

Definition 1.2. (1) A coboundary Lie bialgebra is a 4-tuple (£,5, A,r), where (£, 5, A) is 
a Lie bialgebra and r G Im(l — r) C £ <S> £ such that A = A r is a coboundary of r, where 
A r is defined by 

A r (x) = x ■ r for x G £. (1-H) 

(2) A coboundary Lie bialgebra (£, 5, A, r) is called triangular if it satisfies the following 
classical Yang-Baxter Equation (CYBE): 

c(r) = 0. (1.12) 
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The main result of this paper can be formulated as follows. 

Theorem 1.3. Every Lie bialgebra structure on W is triangular coboundary. 

Throughout the paper, we denote by Z* the set of all nonzero integers, Z + the set of all 
nonnegative integers and C* the set of all nonzero complex numbers. 

§2. Proof of the main results 

The following result can be found in [TJ [2J [T2] . 

Lemma 2.1. Let £ be a Lie algebra and r G Im(l — r) C £ C§> £■ 

(1) The tripple (£, [•, •], A r ) is a Lie bialgebra if and only if r satisfies CYBE 

(2) We have 

(1 + f + £ 2 ) • (1 <g> A) ■ A(x) = x ■ c(r) for all x E £. (2.1) 

Lemma 2.2. Let W (g,n = W <8> ■ • • <£> W 6e £ne tensor product of n copies ofW, and regard 
W®" as a W '-module under the adjoint diagonal action ofW. Suppose r G W®" satisfying 
x ■ r = /or a// x G W. Then r G Cc®". 

Proof. It can be proved directly by using the similar arguments as those presented in the 
proof of Lemma 2.2 of [16] - D 

An element r G Im(l — r) C W <8> W is said to satisfy the modified Yang-Baxter equation 
(MYBE) if 

x ■ c (r) = for all x G W. (2.2) 
As a conclusion of Lemma 12.21 one immediately obtains 

Corollary 2.3. An element r G Im(l — r) C W (g> W satisfies CYBE if and only if 

it satisfies MYBE (TO) . 

Regard V = W <S> W as a W-module under the adjoint diagonal action. Denote by 
Der(W, V) the set of derivations D : W — ► V, namely, D is a linear map satisfying 

D([x,y)) = x-D(y)-y-D(x) for x,i/GW, (2.3) 

and Inn(W, V) the set consisting of the derivations t> inn , v G V, where v inn is the inner 
derivation defined by 

fi nn ; x i — ► x • v for x G W. (2.4) 

Then it is well known that 

H\W, V) = Der(W, V)/Inn(W, V), (2.5) 

where H 1 (W,V) the first cohomology group of the Lie algebra W with coefficients in the 
W-module V. 
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Proposition 2.4. Der(W, V) = Inn(W, V), equivalent^, H\W,V) = 0. 
Proof. Note that W = ® neZ W n and V = W <g> W = ©„ eZ V n are Z-graded with 

W„ = Span{L„, W n \ n G Z} © 5 n , Cc and V n = £ W p ®W q for iigZ. (2.6) 

A derivation D G Der(W, V) is homogeneous of degree a G Z if £)(W n ) C W a+n for all 
n G Z. Denote 

Der(W, V) a = {-D G Der(W, V) | deg D = a} for a G Z. 

Let .D G Der(W, V). For any a G Z, we define the linear map -D Q : W — > V as follows: For 
any // G W n with n G Z, write .D(/i) = Ylipti^p with /i p G V p , then we set D a (n) = fi n+a . 
Obviously, D a G Der(W, V) a and we have 

D=Y.D ai (2.7) 

which holds in the sense that for every u G W, only finitely many D a (u) ^ 0, and 
-D(tt) = Xlaez D a (u) (we call such a sum in (12.71) summable). 

We shall prove this proposition by several claims. 

Claim 1. If a G Z*, then Z) Q G Inn(W, V). 

For a 7^ 0, denote 7 = a _1 -D a (L ) G V a - Then for any x n G Wn, applying _D Q to 
[L ,x n ] = -nx n , using D a (x n ) G V„ +Cf , we obtain 

-(a + n)D a (x n ) - x n ■ D a (L ) = L ■ D a (x n ) - x n ■ D a (L ) = -nD a (x n ), (2.8) 

i.e., D a (x n ) = 7 iim (x n ). Thus D a = 7 inn is inner. 

For convenience, we always use "=" to denote equal modulo C(c ® c) in the following. 

Claim 2. A) (A)) = D (c)=0. 

For any n G Z and x n G W n , applying _D to [L , x n ] = —nx n and [x n , c] = respectively, 
one has x n ■ D (L ) = x n ■ c = 0. Thus by Lemma I2T2"} D (L ) = D (c) = 0. 

Claim 3. Replacing D by D — -u inn for some u G Vo, one can suppose D (W) = 0. 

For any m G Z*, n G Z, one can write Do(L m ) and .Do(W n ) as follows 

-Do(-^m) = a m,pL p © L m — P + b m ,pL p ® W m —p + a m L m © c + & m c © ^ m 

+ Cm,pWp © ^m-p + S ^m.pW'p © W m _ p + C^Wm © C + C? m C © W TO , (2.9) 

pez P ez 

A)(Wn) = X) e„,pL p © L n _ p + / n , p Lj, © Wn-p + e n L„ © c + /„c © L n 

pel pez 

+ E 3n# P © L n _ p + 52 h^pWp © W n . p + ^ n lL4 © c + h n c © W n , (2.10) 

pez pez 
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where all the coefficients of the tensor products are complex numbers, and the sums are all 
finite. For any peZ, the following identities hold: 



L x ■ 


■ (L g 


) c) = Li ® c 


, Li • (c (8) L ) = c ® Li, 


Li 




g> c) = Wi. <g> 


c, L x • (c® W ) = c® Wi, 


L x 


■ CM 


^- P ) = (l- 


- p)L p+1 ® L_ p + (1 + p)L p <g> Li_ p , 


Lt 


■ CM 


DW_ P ) = (1- 


- p)L p+1 <g> W_ p + (1 + p)L p <g> Wi_ p , 


Lt 


■(W p ( 


3)L_ P ) = (1- 


- p)W p+l ® L_ p + (1 + p) W p ® Li_ p , 


Lt 


■(W p ( 


5 W_ p ) = (1 


- p) Wp+i <g> W_ p + (1 + p)W p ® W-p 



Denote 

Mi = max{ |p| | ai jP 7^ 0}, M 2 = max{ |p| | &i iP 7^ 0}, 
M 3 = max{ |p| | ci iP 7^ 0}, M 4 = max{ |p| | d 1>p 7^ 0}. 

Using the induction on Ei=i Mi in the above identities, and replacing D by D — u- mil , where 
u is a combination of some L p <g> L p ® W_p, W p ® Wp ® W_ p , L x ® c, c <g> L 1; W p ® c 
and c ® Wi, one can safely suppose 

a x = 61 = c\ = di — 0, 

ai, P = h, P = ci,p = d 1>p = if p ^ -1, 2. 

Thus the expression of D Q (Lx) can be simplified as (recalling Claim [2]) 

D (Li) = at-iL-i ®L 2 + a lj2 L 2 <g> L_i + 61 <8> W 2 + 61,2^2 ® W_i 

+ci,_iW_i <g> L 2 + 01,2^2 ® L_i + di,_iW_i ® W 2 + c?i )2 W 2 <g> (2.11) 

Applying _D to [L_i, Lx] = 2L , under modulo C(c £g> c), we obtain 

XI ((2 - p)a_ liP _i + (2 + p)a_i iP )Lp ® L_ p + 3ai <g> L x + 3a li2 Zq L_i 

pGZ 

+ E (( 2 - P)6-i,p-i + (2 + p)b- hp )L p ® W_p + 36i,_iL_i <g> Wi + 36 li2 Li g> W_i 

pGZ 

+ E ((2 - p)c-i, p -i + (2 + p)c_i iP ) W p ® L_p + 3ci,_iW_i ® Li + 3ci j2 Wi ® £-1 

pGZ 

+ E(( 2 -p)d-i )P -i + (2 + p)d_i,p)Wp ® W_ p + 30V! W_! ® Wi + 3d li2 W ® W_! 

pGZ 

+2a„iL ® c + 26„ic <g> L + 2c„iW <g> c + 2d^c ® W = 0. 
For any p G Z, comparing the coefficients of L p L_ p , L p <g> W_ p , W p ® L_ p , Hp ® W_ p , 
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Lq® c, c ® L , Wq ® c and c ® Wo respectively in the above equation, on has 

a_i = 6_i = c_i = d-i = 0, 

3ai j2 + a_i j0 + 3a_i 5 i = 36i, 2 + 6-1,0 + 36_ M = 0, 

3ci, 2 + c_i j0 + 3c_i,i = 3c?i, 2 + d-1,0 + 3d_i,i = 0, 

3ai _i + 3a_i _ 2 + a-1,-1 = 36 x _i + 36_i _ 2 + 6-1-1 = 0, 

3ci ,_i + 3c_i _2 + c_i _i = 3di _i + 3d_i _ 2 + = 0, 

(p - 2)a_i, p _i - (p + 2)a_i, p = (p - 2)6_ 1)P _ 1 - (p + 2)6_ 1;P = 0, p ^ ±1, 

(p - 2)c_i jP _i - (p + 2)c_i, p = (p - 2)d_i, p _i - (p + 2)d_ 1|P = 0, p ^ ±1, 

which give the following identities: 

3ai, 2 + a-1,0 + 3a_i,i = 36i, 2 + 6-1,0 + 36_i,i = 0, 

3ci, 2 + c_i,o + 3c_i,i = 3di )2 + d-i t o + 3d- 1;1 = 0, 

3ai _i + 3a_i _ 2 - a_i j0 = 36 x _i + 36_i _ 2 - 6_i, = 0, 

3ci -1 + 3c_i _ 2 — c_i, = 3di _i + 3d_i _ 2 — rf-1,0 = 0, 

a_i , p = 6_i, p = c_i, p = gLi,p = 0, V p G Z, p 7^ —2, —1, 0, 1, 

a_i _i + a_i j0 = 6_i,_i + 6_i,o = c~\ -1 + c_i, = + d-1,0 = 0. 

Thus D (L-i) and D (Li) can respectively be rewritten as 

.D (£-i) = o_i -2L-2 ® Li - a_i, L_i ® L + a-1,0^0 <8> + a-1,1-^1 <S> £-2 

+6_i,_ 2 L_ 2 <g> Wi - 6_i, L_i ® W + 6-1,0^0 ® W_i + 6_i,iLi <g> W_ 2 
+c_i ,_ 2 W_ 2 ® Li - c_i )0 W_i ® L + c_i i0 W ® L_i + c_i,iWi ® L_ 2 
+^1-2^-2 <8> Wi - d_i j0 W_i ® W + d-i l0 Wo ® W_i + d-i.iWi <g> W_ 2 , 

D (^i) = (^7^ - 0-1,-2)^-1 ® L 2 - {—^ + a_i,i)L 2 <g> L_i 
+ (^ - 6_i,_ 2 )L_i ® W 2 - + 6_i,i)L 2 ® W_i 

+ - c_i,_ 2 )W_i ® L 2 - (^=M + c_i,i)W 2 ® L_i 

+ (^y 2 " d -i--2)^-i ® W 2 - + d_i,i)W 2 ® W_ x . 

Applying _D to [L 2 , L_i] = 3Li, under modulo C(c ® c), we obtain 

2a_i, L 2 ® L_i + 3a_i, £ ® -^1 + a -i,iL 3 ® L_ 2 + 4a_i,iLi ® L 
+4o_i _ 2 L ® Li + a_i _ 2 L_ 2 ® L 3 - 3a_i i0 Li ® L - 2a_i, £-i ® L 2 
+26_i, L 2 ® W_i + 36_i i0 L ® Wi + 6_i,iL 3 ® W_ 2 + 46_i,iLi ® W 
+46_i 2 Lo ® Wi + 6_i -2L-2 ® W3 — 36_i n-^i ® Wo - 26 
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+2c_i, W 2 <S> L-x + 3c_i,oW ® Li + c_i,iW 3 <g> L_ 2 + 4c_i,iWi <g> L 

+4d_i _ 2 W <8> Wi + d_i _ 2 W_ 2 8^3 - 3d_i >0 Wi ®W - 2d_i i0 W_i <g> W 2 

+4c_i _ 2 W ® Li + c_i _ 2 W_ 2 ® L 3 - 3c_i, Wi <g> L - 2c_i )0 W_i <g> L 2 

+2d_i )0 W 2 <8> W_i + 3d_i, Wo ® Wi + d_i,iW 3 ® W^- 2 + 4d_i,iWi <g> W 

- (a-1,0 - 3a_i _ 2 )L_! ® L 2 + (a_i )0 + 3a_ ljl )L 2 ® L_i - (6_ 1>0 - 36_i ,-2)^-1 ® ^2 

+ (6-1,0 + 36_i,i)L 2 <g> W_i - (c_i, - 3c_i _ 2 )W_i <g> L 2 + (c_ 1;0 + 3c_i,i)W 2 ® £-1 

-(d-i.0 - 3d_i _ 2 )W_i <g> W 2 + (d_i )0 + 3d_i,i)W 2 <g> + E(l +p)«2A-i ® L 2-p 



+ E ( 3 - P)a2, P ^ P <8> Li-p + E (! + p)Kp L p-i ® W 2~p + E ( 3 - P)&2,p£p ® 

pez pez 



+ E (1 + P)c 2 , P Wp-i ® + E (3 - p)c 2 , P W" P <g> + E (! + P)d 2 ,pW p _i <g> W 2 _ p 

pgZ pGZ pGZ 

+ E (3 - p)d 2 , P W p <g> Wi_ p + 3a 2 L! <g> c + 36 2 c <g> L x + 3c 2 Wi <g> c + 3d 2 c <g> Wi = 0. 



For any p G Z, comparing the coefficients of Li (g) c, c ® L 1? W^i (g> c, c ® Wi, L p ® £i- p , 
L p ® Wi-p, W p <S> Li-p and W^, ® Wi_ p respectively in the above equation, we firstly obtain 

a 2 Li ® c = b 2 c® Li = c 2 Wi ®c = d 2 c ® H^i = 0, 
X) (1 + p)a 2 ,pL p „ 1 ® L 2 _p + E (3 - p)a2,pL p <S> L ± _ p 



+a_i _ 2 L_ 2 <g> L 3 + 3(a_i _ 2 - a_i, )£_i <E> £ 2 + (4a_i _ 2 + 3a_i j0 )L ® Li 
+(40-1,1 - 3a_i j0 )Ia <E> £0 + 3(a_i, + a-i,i)£ 2 ® £-1 + a_i,iL 3 ® L_ 2 = 0, 
E(l+ p)b2,pL p -i <g> W 2 - P + E (3 - p)&2,p^p ® Wi-p 

pGZ pGZ 

+6_i,_ 2 L_ 2 ® + 3(6_ lj _2 - 6-1,0)^-1 ®W 2 + (46_i,_ 2 + 36_ li0 )L <g> W\ 
+(46_ M - 36_i )0 )Li <g> W + 3(6-1,0 + 6-1,1)^2 ® W_i + 6-1,1^3 ® ^_ 2 = 0, 
E (1 +p)c 2 ,pVTp_i <g> L 2 „p + E (3 - p)c 2 ,pW^p ® Li_ p 



+c_i _ 2 W_ 2 ® L 3 + 3(c_i ,_2 - c_i )0 )W_i ® L 2 + (4c_ lj _2 + 3c_i i0 )W ® Li 
+(4c_i,i - 3c_i, )Wi ® L + 3(c_i, + c_i,i)W 2 <g> L_i + c_i,iW 3 ® L_ 2 = 0, 
E (1 + p)a 2 ,pWp-i ® W 2 -p + E (3 - p)a 2 ,pW"p ® Wi-p 



+a-i -2^-2 <8> W^ 3 + 3(a_ lj _ 2 - a_i )0 )W_i ® W 2 + (4a_i,_ 2 + 3a_i )0 )W ® W x 
+(4a_i,i - 3a_i, )Wi ®W + 3(a_i, + a_i,i)W 2 ® + a_i,iW 3 ® Vr_ 2 = 0, 

Then for any p 6 Z, }) ^ —2, — 1, 0, 1, 2, 3, one has 

a 2 = b 2 = c 2 = d 2 = 0, 
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a-i-2 + 5a 2 -2 = + 5a 2 , 4 = (p + 2)a 2 , p+ i - (p - 3)a 2 , p = 0, 
4a_i i i - 3a_i i0 + 3a 2 , 2 + 2a 2 ,i = 3(a_i i0 + a_i,i) + 4a 2i3 + a 2 , 2 = 0, 
3a-i -2 - 3a_i i0 + a 2 , + 4a 2 _i = 4a_i _ 2 + 3a_i, + 2a 2i i + 3a 2 , = 0, 
6-1,-2 + 56 2 _ 2 = + 56 2 , 4 = (p + 2)6 2 , p+1 - (p - 3)6 2 , p = 0, 
46-1,1 - 36-1,0 + 36 2 , 2 + 2&2,i = 3(6_i, + 6_i,i) + 46 2 , 3 + & 2 , 2 = 0, 
36_i_2 - 36_i,o + 6 2 , + 46 2 ,_i = 46_i _ 2 + 36_i, + 262,1 + 36 2 , = 0, 
c-1,-2 + 5c 2 ,_2 = c_i,i + 5c 2 , 4 = (p + 2)c 2 , p+ i - (p - 3)c 2 , p = 0, 
4c_i,i - 3c_i,o + 3c 2 , 2 + 2c 2 ,i = 3(c_i, + c_i,i) + 4c 2>3 + c 2 , 2 = 0, 
3c_i _ 2 - 3c_i, + c 2 , + 4c 2 ,_i = 4c_i ,_ 2 + 3c_i, + 2c 2 ,i + 3c 2 , = 0, 

+ 5d 2 ,_ 2 = d_i,i + 5d 2 , 4 = (p + 2)d 2 , p+ i - (p - 3)d 2>P = 0, 
4d_i,i - 3d_i, + 3d 2 , 2 + 2d 2 ,i = 3(d_i, + d-1,1) + 4d 2 , 3 + d 2 , 2 = 0, 
3d_i,_ 2 - 3d_i, + d 2 , + 4d 2 ,_i = 4d_i _ 2 + 3d_i, + 2d 2 ,i + 3d 2 , = 0, 

which together give the following identities: 



a-1,-2 


= -5a 2) . 


-2 — Q2,p — 0, a 2 ,_i - 


= ^(3a_i, -a 2 ,o), 


a 2 ,i = 


3/ 

--(a 2 ,o + a_i, ), 


a 2 ,4 = 


1 

--a-1,1. 


1 a 2 , 2 = a 2 ,o + 2a_i,o 


4 

~ 3 a - 1 > 1 ' ° 2 ' 3 ~~ 


1 

-402,0 


5 5 
- ^ a -i,o - y^a-1,1 


6-1,-2 


= -56 2 ,_ 


2 = 6 2 , p = 0, 62 _i = 


^(36-i,o - 6 2 , ), 


6 2 ,i = - 


3 

"2(62,0 + 6-1,0), 


6 2 ,4 = 


~b-i,i, 


6 2 , 2 = 6 2 ,o + 26_i,o _ 


4 

■ 36-1,1, 6 2 , 3 = - 


^6 2 ,o - 


46-1,0 " ^6-1,1, 


C-1,-2 


= -5c 2 ,_ 


-2 = c 2 , p = 0, c 2 -i = 


i(3c_i, - c 2 , ), 


c 2 ,i = - 


3/ 

--(c 2 , + c_i, ), 


C 2 ,4 = 


1 

-^-1,1, 


c 2 , 2 = c 2 , + 2c_i, - 


4 

■ 3 C -1>1' C 2,3 = - 


1 


5 5 
4 C_1 '° ~ 12 C_1,1 ' 


d-1-2 


= -5d 2 ,- 


-2 = d 2 , p = 0, d 2 ,_i = 


= 4^^-1,0 — d 2 , ), 


d 2 ,i = 


3 

-2^2,0 + d_i, ), 


d 2 , 4 = 


— d_i 1 . 

5 ' 


, d 2 , 2 = d 2 ,o + 2gL 10 




-4^2,0 


5 w 5 w 

— — O— 1 — — (J i 1 

4 ' 12 ' 



for any p 6 Z, p ^ -1,0,1,2, 3. Then one can rewrite Do(L_i), D (Li) and D (L 2 ) respec- 
tively as 

A)(£-i) = o_i,o(L <g> L_i - L_i <g> L ) + 6_i, (Lo ® W-i - L_i <g> Wo) 

+c_i,o(W / "o ® £-1 - W_i <g> L ) + d-i,o(Wo <g> W-i - W_i ® Wo), 



8 



A>(Li) = °^{L-i ®L 2 -L 2 ® L_0 + <g> W 2 - L 2 <g> WLi) 

® L 2 - W 2 <g> L_i) + ^(W-i ® W 2 - W 2 <g> W^_0, 

1 3 

A)(£ 2 ) = -{3a_ lfi - a2,o)L-i ® L 3 + a 2fi L ®L 2 - ~(a 2fi + a_ lfi )L x <S> £1 

+ (a 2 ,o + 2a_i i0 )-L 2 ® L - ^(a 2 ,o + 5a_i i0 )L 3 ® L_i 

1 3 

+-(36_i,o - 62,0)^-1 <8> W 3 + 6 2j0 Lo <E> W 2 - -(62,0 + &-i,o)£i <8> W 

+ (6 2 ,o + 26_i i0 )L 2 <E> Wo - ^(&2,o + 5&_i, )£ 3 <E> W-i 

1 3 

+-(3c_i >0 - c 2fi )W-! (g)L 3 + c 2fi W ®L 2 - -(c 2 ,o + c_i i0 )W^i ® Li 

+ (c 2 , + 2c_i i o)W / " 2 ® ^0 - ^(c 2 ,o + 5c_i i0 )W 3 <g> L_i 

1 3 

+-(3d_i i0 - rf 2 ,o) W-i ® W 3 + d 2 #o ® W 2 - 2^2,0 + d-i )0 )Wi ® Wi 

+ (rf 2 ,o + 2rf_ li0 )W^ 2 ® Wo - J(d 2) o + 5tLi )0 )W 3 <g> W_!. 
Applying _D to [L ± , L_ 2 ] = 3L_i, under modulo C(c ® c), we obtain 
E 3(1 - p)a- 2)P L p+ i <S> L- 2 - P + 3 X] (3 + p)a- 2)P L p <g> L_i_ p 
+3 E (1 - p)b- 2 , p L 1+p <g> W_ 2 _ p + 3E(3 + p)b-2, P L p <g> W_i_ p 



+3 E (1 - P)c-2#i +p ® L-2-p + 3 E (3 + p)c- 2 #„ <g> L_i_ p 



+3 E (1 " P)^-2, P W 1+P ® W^ 2 - P + 3 E (3 + p)rf- 2 , P W p ® W^_ p 

+9a_ 2 ^-i ® c + 96_ 2 c <g> L_i + 9c_ 2 W_i <g> c + 9d_ 2 c <g> W_x 
-13a_i i0 -Lo <E> £-1 - a-i$L 2 <g> L_ 3 + a_i i0 L_ 3 <E> £2 + 13a_i i0 £-i <g> L 
-136_i 

-13c_i )0 W <g> L_i - c_i i0 W 2 <g> L_ 3 + c_i i0 W_ 3 <g> L 2 + 13c_i i0 W_i <g> L 
-13d_i >0 W ® W_i - (i-i#2 ® W_ 3 + d_i, W_ 3 <g> W 2 + 13<Li )0 W_i <g> Wo 
-9a_i i0 L <g> L_i + 9a_i i0 L_i <g> L - 96_i i0 £ <g> W_i + 9&_i, ^-i ® W 
-9c_i i0 W <g> L_i + 9c_i i0 W_i <g> L - 9d_i,oW <g> W_i + 9d_i i0 W_i ® W = 0. 

For any p G Z, comparing the coefficients of L p ®L_i_ p , L p ®py_i_ p , W / p ®L„i_ p , W p <S>W-i- p , 
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L_i <S> c, c<S> L-i, W^i <S> c and c ® W_i respectively in the above equation, one has 
(p - 2)a_ 2 ,p-i - (p + 3)a_ 2 , p = 0, 

a_ 2 = 6-2 = c_ 2 = ^-2 = 9a_ 2 -2 + 6a_ 2 -i + 22a_ lj0 = 0, 
6a_ 2 -i + 9a_ 2 ,o — 22a_i i0 = 15a_ 2j2 — a-i,o = 15a_ 2 -4 + a-i,o = 0, 
(p - 2)6_ 2>p -i - (p + 3)6_2, P = 96_ 2 ,_ 2 + 66_ 2 _i + 226_ lj0 = 0, 
66-2,-1 + 96_2,o - 226_ lj0 = 156_ 2 , 2 - 6-1,0 = 15&_ 2 ,-4 + b -i,o = °> 
(p - 2)c_ 2iP _i - (p + 3)c_ 2 ,p = 9c_ 2 _2 + 6c_ 2 -i + 22c_i i0 = 0, 
6c_ 2 -i + 9c_ 2i0 - 22c_i >0 = 15c_ 2 ,2 - c_i >0 = 15c_ 2 _ 4 + c_i >0 = 0, 
(p - 2)gL 2 , p -i - (p + 3)cL 2 , P = 9cL 2 - 2 + 6tL 2) _i + 22gL 1i0 = 0, 
6d-2 -i + 9d_ 2 ,o - 22gLi )0 = 15gL 2 ,2 - cLi,o = 15cL 2 -4 + d-i,o = 0, 

for any p G Z, ^ —3, —1, 0, 2, which together force 

a-i,o = a_ 2 ,p = 6-2,p = c_ 2 ,p = d_ 2 , p = V p G Z, p ^ 1, 

Thus Dq{L_i), D (Li), D (L_i) and Dq{Li) can respectively be rewritten as 

£>o(^-i) = A)(£i) = 0, (2.12) 
D (L_ 2 ) = a_ 2 ,iLi ® L-3 + 6-2,1^1 ® H^_3 + c_2#i <g> L_ 3 + d_ 2 ,iWi <g> W_ 3 , 

. . 1 3 
A) (£2) = --a 2 ,oL-! ® L 3 + a 2fi L ® L 2 - -a 2 ,o-^i <S> A + a 2 , ^2 ® £ 

11 3 

~-a 2 ,oL 3 <8> £_i - -&2,o£-i ® W 3 + 62,0-^0 ® W^2 - -h,oLi <g> W\ 
4 4 2 

+h,oL 2 <E> W^o - ^6 2i0 L 3 <g> W_i - ^c 2fi W_i ® L 3 + c 2 , W ® ^2 

3 11 

-2 C 2,oW^i <E> £1 + c 2)0 W 2 <g> L - -02,0^3 <g> L_i - -d 2fl W-i <g> W 3 

3 1 

+^2,0^0 ® ^2 - -^2,0^1 <8> Wi + d 2j0 W 2 <g> W - 7^2,0^3 <g> 
2 4 

Applying _D to [L 1; L_ 2 ] = 3L_i, under modulo C(c <8> c), we obtain 
a 2 ,oL-3 <8> £3 — 8a 2j0 £_ 2 <8> £ 2 + 39a 2j0 £_i <g> Li — 32a 2j0 £o ® ^0 
+ (27a 2j0 - 20a_ 2 ,i)-Li (g) L_i - 8a 2j0 L 2 <E> £-2 + (a 2 ,o - 4a_ 2 ,i)L 3 <g> L_ 3 
62,0^-3 ® W3 - 86 2i0 L_2 <E> W 2 + 396 2 ,o^-i ® Wi - 326 2i0 L <g> Wo 
+ (276 2 ,o - 206_ 2 ,i)^i ® W_i - 862,0^2 <E> + (62,0 - 46_ 2i i)L 3 <g> W_ 3 
c 2 ,o^-3 <S> £3 - 8c 2 , W-2 ® £2 + 39c 2 , W^i ® Li - 3202,0^0 ® ^0 
+ (27c 2i0 - 20c_2,i)^i ® L-i - 802,0^2 ® + (c 2 , - 4c_ 2 ,i)W 3 ® L_ 3 
d 2 , W- 3 ®W 3 - 8^2,0^-2 ®W 2 + 39rf 2 , W~i <8> W 1 - 32^2,0^0 ® W^o 
+ (27rf 2 ,o - 20rf_ 2il )^i ® - 8^2,0^2 ® W-2 + (d 2fi - 4gL 2i1 )W 3 ® W-s = 0, 

10 



which together force ( comparing the coefficients of the tensor products) 

«2,0 — &2,0 — C2,0 = C?2,0 = Q-2,1 = 0-2,1 = c -2,l = «-2,l = 0. 

Thus we can deduce 

D (L_ 2 )=D (L 2 ) = 0. (2.13) 

Since the Virasoro subalgebra of W, denoted by Vir := Span{L n | n e Z} can be generated 
by the set {L_ 2 , -^-1? £1, -^2}, then by (12.121) and (12.131) . one has 

D (L n ) =0, VneZ. (2.14) 

Applying D to [L , [L , W 2 ]} = 2W 2 and using f!2.14p . on has 

L -L -D (W 2 ) = 2D (W 2 ). 

Then using (12.101) . we obtain 

£ 2e 2 , p L p <g> L 2 _ p + 5] 2/ 2iP L p ® W 2 _ p + 2e 2 L 2 ® c + 2/ 2 c <g> L 2 
pez pez 

+ X) 2# 2iP W" p <g> L 2 _ p + 5] 2/i 2iP W" p <g> W 2 _ p + 2g 2 W 2 ® c + 2/i 2 c <g> W 2 

pez pez 

= Y.P 2e 2,pL p ® L 2 _ p + J2p( 2 - P) e 2,pL p ® L 2 _ p + EM 2 - p)e 2tP L p <g> L 2 _ p 

pez pez 



e 2,pL p ® -^2-p 

+ Y,P 2 f2, P Lp ® W 2 -p + Ep(2 - p)/ 2 ,p£p ® W^ 2 _ p 
pez pez pez 

+ E^(2 - p)/ 2 ,p^p ® ^ 2 _ p + E((P~ 2) 2 / 2 ,p^p ® W^ 2 _ p + 4e n L 2 ® c + 4/ 2 c ® L 2 
pez pez 

+ EP 2 5 , 2,pW^p ® L 2 _ p + Ep( 2 - p)92,pW p <g> L 2 _ p + Ep( 2 - P^pWp ® L 2 _ p 



+ E(P - 2 ) 2 52#p ® ^2-p + EP^2#P ® ^2-p + EP(2 - P)^2, p ^ p ® W 2 _ 

pez pez 



+ Ep( 2 - p)/i2, P Wp <g> W 2 - p +J2(P~ 2) 2 h 2tP W p <g> W 2 - p + Ag 2 W 2 ®c + Ah 2 c ® W 2 . 
pez pez 

Comparing the coefficients of the tensor products, one immediately has 

e2, P = f2, P = 92, P = h 2:P = e 2 = f 2 = g 2 = h 2 = 0, V p G Z, 

which implies 

D {W 2 ) = 0. (2.15) 

According to the fact that the algebra W is generated by the set {L_ 2 , L 1; L 2 , W 2 }, using 
fl2TT4l and (T2~T5]) . we obtain 

L>o(W) = 0. (2.16) 
This proves Claim [3] □ 
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Claim 4. D = 0. 



By Claims HJ [2] and El we have D (W) C C(c <g> c). Since [W, W] = W, we obtain 
Do(VV) C W - po(W)) = 0. Then Claim H follows. □ 

Claim 5. For every D G Der(W, V), (12.71) is a finite sum. 

By the above claims, we can suppose D n = (t> n )mn for some v n G V n and n G Z. If 
Z' = {n 6 Z* w„ 7^ 0} is an infinite set, we obtain D(L ) = EneZ'u{o} • v n = — Y n &' nv n 
is an infinite sum, which is not an element in V, contradicting with the fact that D is a 
derivation from W to V. This proves Claim [5] and the proposition. □ 

Lemma 2.5. Suppose v G V suc/i £/iaf x • v G Im(l — r) /or a// x G W. T/ien t> G Im(l — r) . 

Proof. First note that W • Im(l — r) C Im(l — r). We shall prove that after a number of 
steps in each of which v is replaced by v — u for some u G Im(l — r), the zero element is 
obtained and thus proving that v G Im(l — r). Write v = Y n &z v n- Obviously, 

v G Im(l - r) v n G Im(l - r) for all n G Z. (2.17) 

Then Enex 7211 ™ = Lo-v G Im(l — r). By (12.171) . nv n G Im(l — r), in particular, v n G Im(l — t) 
if n 7^ 0. Thus by replacing v by u — Enez* t ' n ' we can su PP ose v = Vo £ Vo- Now we can 
write 

v = J2 a pL P ® L^ p + E bpLp ® W-p + a' L <g> c + OqC <g> L 

pGZ pgZ 

+ E c pWp ® + E rf pWp ® w_ p + c' w ® c + d' c ® w , 



where all the coefficients of the tensor products are complex numbers and the sums are all 
finite. Fix the normal total order on Z compatible with its additive group structure. Since 
the elements of the form u\ tP := L p ® L_ p — L_ p Cg> L p , u 2>p := L p ® W- p — W- p (g> L p , 
W3, p := W p (g) W_ p — W_p <g> W p , Mi := L (g> c — c (g> L and w 2 := W <g) c — c <g) W are all in 

G Im(l — r), replacing t> by v — u, where u is a combination of some u% >p , u 2)P , u 3>p , U\ and 
u 2 , we can suppose 

fe' = C p = d' = 0, VpG Z, (2.18) 
flp ^ =^ p>0 or p = 0, (2.19) 
dp jL =4 p>0 or p = 0. (2.20) 

Then the v can be rewritten as 

v= Y apLp® L^p+Y h P L P® w -P+ E rfpWp ® W-p + «o L o ® c + c W <g> c. (2.21) 

pez+ pgz pez+ 
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First assume that a p ^ for some p > 0. Choose q > such that q ^ p. Then we see that 
the term L p+q ® L^ p appears in L q ■ v, but (12.191) implies that the term L_ p <g> L p+q does not 
appear in L q ■ v, a contradiction with the fact that L q -v& Im(l — r). Then one further can 
suppose a p = 0, V p G Z*. Similarly, one also can suppose d p = 0, V p G Z*. Therefore, the 
identity (12.211) becomes 

u = a ^o ® + doWb ® W + a L o ® c + c(,W ® c + £ & p^p ® W_ p . ( 2 - 22 ) 

pez 

Finally, we mainly use the fact Im(l — t) C Ker(l + r) and our suppose W • v C Im(l — r) 
to deduce a = c?o — a 'o = c o = K = 0, V p G Z. One has the computation 

= {1 + t)L x -v 

= 2a (L 1 ®L + L ® Li) + 2d (W l <g> W + W ® W x ) + a' (L x ® c + c ® L x ) 

+ E((2-p)Vi + ( 1 +A) i P®^i- P + E((2-p)6p-i + (l+p)6p)Wi-p®L p 

pgz pez 

+c (Wi <g> c + c® Wi). 

Then noticing the set {p \ b p ^ 0} of finite rank and comparing the coefficients of the tensor 
products, one immediately gets 

b = -2b-i = -2b x , 

a = d = a = c' = b p = 0, V p G Z, p ^ 0, ±1. 

Then f 1 2 . 2 2 j) can be rewritten as 

v = 6i(L_i ® W x - 2L ®W + L X ® W- X ). (2.23) 

observing the computation 

= {1 + t)L 2 -v 
= b x (l + r)L 2 - (g> Wi 
= 6 1 (l + r)(6L 1 ® V^! + L 

which forces &i = 0, then bo = —2b^ x = —2b x = 0. Then the lemma follows. □ 

Proof of Theorem ! 1.31 Let (W, [■,■], A) be a Lie bialgebra structure on W. By (|1.9p . (12.31) and 
PropositionEH A = A r is defined by (II. lift for some r G W®W. By ( Ti~5l) . Im A C Im(l-r). 
Thus by Lemma [2.51 r G Im(l — r). Then (11.61) . (12. ip and Corollary 12.31 show that c(r) = 0. 
Thus Definition 11.21 says that (W, [•,•], A) is a triangular coboundary Lie bialgebra. □ 



- 2L ®W Q + L 1 ® W_i) 

-i (8 W 3 - 4L 2 ® W - 4L g> W 2 + L 3 ® 
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